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Abstract

Transient temperature solutions in plates are derived for heating conditions varying as time to an integer power at a surface. The
powers include 0, 1, 2 and 3; the last of which is useful for cubic splines. Boundary conditions of the first, second and third kinds
are treated at both surfaces with the non-homogeneity at x = 0. As the power increases by one, an additional quasi-steady summation
term appears in the analytical solution. Algebraic forms for these summations are derived in a systematic way. Extensive tables are given

along with an example.
© 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

Realistic applications in heat conduction usually have
transient variations at the boundaries. Many examples
can be cited such as in the ignition of a rocket engine,
heating of brake drums of cars and trucks during braking,
and cooking of foods. However, few exact solutions for
transient boundary conditions exist. Most advanced heat
conduction books instead concentrate on exact solutions
for constant boundary conditions and recommend using
those solutions with Duhamel’s integral [1] to obtain solu-
tions for time-variable boundary conditions. Other meth-
ods, such as employing Green’s functions, are also
recommended [2]. For one-dimensional problems in plates,
the solutions for constant boundary conditions can be
obtained using the methods of the separation of variables
(SOV) or the Laplace transform [1,2]. The SOV solutions
tend to be more convenient to manipulate because the tem-
poral and spatial dependences are independent, unlike
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those found using Laplace transforms. In the SOV solution
of heat conduction problems with heat flux (or other)
boundary conditions, several time-independent but space-
dependent summations may be obtained, some of which
may converge very slowly. Instead of these infinite-series
summations, algebraic identities, if available, are preferred.
However, these identities are not directly obtained using
either Duhamel’s integral or using Green’s functions. The
primary objective of this paper is to provide a systematic
method for determining these algebraic identities for the
steady- or quasi-steady state summations that arise from
boundary conditions varying as time to an integer power;
the integers considered here are 0, 1, 2 and 3.

A number of methods of eliminating the slowly converg-
ing series are possible. Some of these are given in this
paper. By removing these summations, more insight into
the solution is possible. (Ref. [3] gives methods to simplify
summations in 2D heat-conduction problems with constant
boundary conditions. See also [4].) Another motivation to
develop these solutions is for approximating time-variable
conditions with cubic B-splines [5], which are used in the
solution of the inverse heat conduction problem [6].
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Nomenclature

Axism constant associated with mth eigenfunction
B boundary condition modifier in numbering sys-
tem
Bi; Biot number (=h,L/k, j =1, 2)
Bpgx) Bernoulli polynomial of order p
; constant of integration
E,(x) Euler polynomial of order p

Gy;;  Green’s function for rectangular plate with [
and J boundary conditions

h; heat transfer coefficient on ith surface

i"erfc  mth integral of the complementary error func-
tion

I indication of boundary condition at x =0, 1 —

first kind, 2 — second kind, 3 — third kind
IISx;;,; twice integrated summation of eigenfunctions
(defined in Eq. (20c))

J indication of boundary condition at x=1, 1 —
first kind, 2 — second kind, 3 — third kind

k thermal conductivity

L thickness of slab

N, mth norm of X,,(x)

exponent on time for boundary condition (i.e.,
T t" and ¢ o< 1)

S

qo boundary heat flux

t time

tl}l‘ characteristic time

S)gj summation of eigenfunctions (Defined in Egs.

(15a) and (15e))

T scaled temperature

Z temperature

T ambient temperature

u cotime (=t — 1)

X eigenfunction and notation for Cartesian coor-
dinate

Xxr7m(x) mth eigenfunction

x scaled length (= x/L)

X length

Greek letters
o thermal diffusivity

Bxism mth eigenvalue

Ayy;  constant of integration (Ay, =1, Ay;; =0 for
other values of I and J)

I'(x)  Gamma function

T dummy time variable of integration

The many solutions given herein have varied uses. One
is to provide solutions that can be used in verification, that
is, to provide solutions with which the accuracy of approx-
imate methods, such as finite difference and finite element
solutions, can be investigated [7-11]. Another is to provide
relatively simple forms of exact solutions that can be used
in estimating parameters [12,13].

Many different transient heat conduction problems are
discussed in this paper. In order to identify clearly the dif-
ferent cases, a numbering system [2] is briefly described and
then used. For 1D Cartesian problems the symbol starts
with X followed by two numbers, the first is for the bound-
ary condition at ¥ =0 and the second for the boundary
condition at x = L. A prescribed temperature, 7, at a
boundary is denoted by a 1. A prescribed heat flux, ¢, at
a boundary is denoted by a 2. A prescribed ambient tem-
perature, T., ata boundary is denoted by a 3. For exam-
ple, a plate with a prescribed heat flux at ¥ =0 and a
temperature condition at X = L is denoted X21. An addi-
tional type of boundary condition is indicated by a 0; a
semi-finite body with a prescribed temperature at x = 0 is
denoted X10.

Boundary condition modifiers are used to describe the
boundary conditions more fully; this is done by following
the X21, for example, by B10, where the B denotes bound-
ary modifier, the 1 denotes a steady boundary condition at
x =0, and the 0 denotes a homogeneous boundary condi-
tion at ¥ = L. In this paper, the ¥ = 0 conditions for T, q
or T, vary as ', where n = 0, 1, 2 or 3. For the n = 1 con-

dition, a 2 follows B. For higher degree variations such as
quadratic or cubic, 3n follows B with (n =2 or 3) given at
the end of the notation. Finally, the initial condition is
denoted with a T followed by a 0 for a zero initial condition
or a 1 for a constant, non-zero initial condition. Thus, for
example, the notation X21B1070 denotes a plate with a
uniform (non-zero) heat flux at x = 0 and zero temperature
at x = L and an initial temperature of zero. Also, a general
series of cases with n =0, 1, 2 and 3 is denoted X1JB3n0T0
(n=0,1,2,3).

The literature is limited in regards to transient heat con-
duction in finite plates with boundary conditions that vary
as a power of time. Possibly the greatest resource for solu-
tions is given in Carslaw and Jaeger [14]. Page 63 of [14]
gives solutions for the X10B3n70 (n =1/2, 1, 3/2,...) cases,
where the surface temperature is 7(7/#;)". On page 77
solutions are given for a semi-infinite body for a heat flux
given by —k0T /0%(0,%) = go(¢/1,)" for n=—1/2, 0, 1/2,
1,... where k is thermal conductivity. For these values of
n, solutions are given by

(%,7) :%zz"“r(w 1)<i> (oci)l/ziz”“erfc( a )

4 ot

~)

(1a)

where « is the thermal diffusivity. At x = 0, the tempera-
tures are
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On pages 113 and 114 of [14], plate solutions are given for a
time-variable heat flux at X =L; the notations are
X22B03nT70 (n=-1/2,0,1/2,1,...) and X12B03»nT0
(n=-1/2,0,1/2,1, ...), where the first case is insulated at
X = 0 and the second case has a zero temperature at
*=0; in both cases the heat flux at X =L is given by
kOT J3x(L,?) = q,(¢/1;)" and both solutions are given in
terms of error functions. Solutions for plates in terms of er-
ror functions require more terms as time is increased and
do not yield steady or quasi-steady components in the solu-
tions. Carslaw and Jaeger [14, p. 127] have a solution for a
linearly increasing 7', (denoted by X23B0270) that has an
algebraic form for a quasi-steady term rather than a series
form.

Ozisik [1] solves several problems having a linear time
variation of the boundary condition. On page 208, Eq.
(5-47) is a SOV-type solution for the X22B2070 problem
which is obtained using Duhamel’s theorem; it has two ser-
ies, one of which converges slowly. These series can be
replaced by algebraic forms given herein. On pages 516—
518, Ozisik [1] considers the X21B0270 problem that con-
tains two summations that are given algebraic expressions.
One summation is evaluated on page 565 using the solution
of the related X21B0071 problem. The other summation is
evaluated using a quadratic initial temperature.

Myers [15] discusses some problems with a boundary
condition varying linearly with time. A solution to the
X11B207T0 problem based on Duhamel’s theorem is given
[15, p. 161-163]. Two different forms of the solution are
given, one of which has a single series that can be replaced
by an algebraic form and the other has two such series.
Myers [15, p. 112 and 113] shows how the quasi-steady ser-
ies in the X22B1070 problem can be replaced by an alge-
braic form.

Luikov [16] treats the problem of a linearly varying
ambient temperature problem (X23B0270) in two different
ways. On pages 300-303, starting with the Laplace trans-
form and then taking the inverse Laplace transform in a
form suitable for large times, an algebraic form is directly
obtained for the quasi-steady component of the solution.
However, when the same problem is solved on page 347
using Duhamel’s theorem, a quasi-steady state series is
obtained, for which Luikov gives an algebraic expression
and states that ““a special proof is needed” to obtain it.

Polyanin [17] provides many solutions, including 2D
and 3D geometries, in symbolic form using Green’s func-
tions. However, the solutions are in terms of summations
that may converge slowly. Many of these summations for
1D heat conduction in plates with integer-power variations
with respect to time can be expressed in terms of the alge-
braic forms given herein.

Although time-variable boundary conditions are treated
in the references discussed above, few solutions are given
and a general method is not given by which to replace
the “steady-state or quasi-steady” series with algebraic
forms. No explicit solutions are given for variations of
the ambient temperature greater than the first power of

time. For power variation of the heat flux at a surface,
solutions are given for many different powers, but the solu-
tions [14] are in terms of error functions. These error func-
tion solutions require more terms for evaluation as time
increases and do not exhibit the underlying quasi-steady
state behaviors.

The objective of this paper is to present a general
method for deriving algebraic relations for the summation
of some series. The method is demonstrated for boundary
conditions at x = 0 that vary as integer powers of time
(X1JB3n0T0 (n =0, 1, 2 or 3)) for linear (n = 1), quadratic
(n=2) and cubic (n = 3) variations. The boundary condi-
tions of the first kind (I or J=1), second kind (I or
J =2) and third kind (1 or J = 3) are treated.

Section 2 presents the problem statement, while Section
3 gives a general solution. Section 4 provides solutions for
particular boundary conditions and Section 5 presents
some numerical and graphical results, followed by Section
6, with a summary and some conclusions.

2. Problem statement

Consider a transient, 1D problem in a plate which has a
heat flux proportional to #* for n=0, 1, 2 and 3 time at
X =0 and insulated at x = L. The problem is denoted
X22B3n070 (n =0, 1, 2 and 3) and is described mathemat-
ically as

FT™ 197"

Ay — T T~ X L 7 2
e Pt 0<x<L, t>0 (2)
oT™m \"
—kw(o,t)q()(E), n—O,l,Z 01‘3 (3a)
oT!™ .
L)=0 3
5 (L) (3b)
TW(%,0) =T, (3¢)

The superscript on the temperature denotes that the solu-
tion is for the power of n in the boundary condition at
% = 0 which is given by Eq. (3a). The time 7y is an arbitrary
nominal time chosen to make the solution dimensionless.
For clarity only one set of boundary conditions are dis-
played in Egs. (3a) and (3b), but three different conditions
(first, second and third kinds) are possible both at ¥ =0
and X = L. A total of nine cases explicitly treated herein
but others can be found by letting ¥ — L — . The surface
temperature at X =0 can be proportional to an integer
power of time and the temperature rise of T, — T, such as

~ ~  ~ /1\" -
N

The boundary convective condition has an ambient tem-

perature that varies as 7’

—kg(o,i) =h ((?x - ?)(i) —(T(0,7) — ?,.))

Iy

(4b)
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The three boundary conditions at x = 0 are then given by
Egs. (3b), (4a) and (4b). Analogous conditions to Egs.
(4a) and (4b) for x = L are

T(L,7) =T, (5a)
oT . o
— ke (L) = by (T(L7 7 — T,-) (5b)

By subtracting the initial temperature T, Egs. (5a) and
(5b) become homogeneous.

For conciseness in the development below, the following
dimensionless quantities are defined for the heat flux
boundary condition problem described by Egs. (2) and
(3a)-(3¢),

X = Z (63)

=2 (6b)
W (o TG - T,

T = (o L (i) (¢)

Then Egs. (2) and (3a)—(3c) become (with the subscript X2J
on the temperature omitted)

Rrm Tt
W:T, t>0, 0<x<1 (6d)
or™ i
% (0,8) =¢ (6e)
or™ ;
(1) =0 (6f)
7" (x,0) =0 (62)

For boundary conditions of the first and third kinds at
x =0, the dimensionless temperatures are defined respec-
tively as

70 (1) = o) = L (7a)
(TV ~ T (L2 ady)
n ? A7E B /fi
T () = L1 (7b)

(The subscripts on the temperature may be omitted in some
of the following.) Then the dimensionless boundary condi-
tions for the first and third kinds at x =0 are

T31,(0.1) = ¢ (82)
aT(”>
— 22 (0.0) = Bi (" — T3,(0,1)) (8b)

where the Biot number is Bi; = h;L/k; for x=1, the
dimensionless boundary conditions are

Tin (1,0 =0 (%)
oTY) o
— B (L1) = BTy (1,1) (9b)

where Bi, = hyL/k.

3. General solution for XIJ series of problems

A solution of the problem X22B3r070, (given by Egs.
(6d)—(6g)) using Green’s functions is (or similarly using
Duhamel’s integral)

ot
Ty (x,1) = / "Gy (x,0,t —1)dr, n=0,1,20r3
=0
(10a)

where the boundary condition at x = 0 varies as a power of
time. The boundary condition at x =0 is the second kind
(given heat flux). For the boundary condition of the third
kind at x =0 and Jth kind at x = 1, the solution in terms
of Green’s functions, denoted X3JB3n070, can be written
as

t
TY) (x,1) = Bi, / T"Gysy(x,0,1 — 7)dt (10b)
=0
The solution given by Eq. (10a) can be modified to treat the
boundary condition of the first kind (denoted X1JB3n070)
by replacing

0Gx12
ox’

Gx2(x,0,t — 1) by (x,0,t—1) (11)
(The notation for the Green’s function is G(x,x',t — 1),
where the point of interest is at (x,7) and the instanta-
neous source is at (x’,7).) Notice the “1” subscript on the
second G; it denotes a boundary condition of the first
kind.

Using the long cotime (which we define as ¢t — 7) form of
the transient heat conduction Green’s function in a plate,
we can write [2]

= X m X m !
Gy (%Xt = 1) = Ayyy + Z 0 (0) X7 () e P (t=0)

ol Nxaym

(12)

where Xy (X), Bxism and Nyxgy,, are the eigenfunctions,
eigenvalues and norms, respectively. Eq. (12) is scaled and
can be obtained by letting the dimensional Green’s func-
tion have a thermal diffusivity and length L both equal to
1. If the boundary conditions are both of the second kind
at both x=0 and 1 (that is, the X22 case), then
Ax» =1, otherwise Ay;;=0, for I=J=#2. Restricting
the boundary condition at x =0 to be of the second kind
(or third kind if Bi; is inserted before the integral sign as
in Eq. (10b)) and introducing Eq. (12) into a general form
of Eq. (10a) gives

! >~ X i m (X)X x17,m(0)
v x,t) =4 + - -
i (%, 1) = Ay n 1 n; N
t
X / I"e_ﬁ)zf”»m(’_r)dr,
=0
I=2o0r3 (13)
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The integrals over 7 for n =0, 1, 2 and 3 are

‘ —B, .t
2 1 e Bxis.m
/ e Pl Odr=—— 5 " (14a)
= ﬂXIJ,m ﬁXIJ,m
2
1 1 e*ﬁxumt
/ Te BXIJmt 7) dr = 5 —— v (14b)
BXIJ,m ﬁXIJm ﬁXIJ,m
1 2 2 e B!
/ ﬂX[Jmt 9dr = 5 £ — 14— —
ﬂXIJ,m ﬁX[J,m ﬁXIJ,m ﬁXIJ,m
(14c)
1 3 6
/ BePunlIdr = 7 — Pt+——t
ﬂXIJ,m ﬁXIJ,m ﬁXIJ,m
2
6 e Prmt
—_— (14d)
ﬁXIJ,m ﬂXIJ,m

This type of integral is present for boundary conditions of
the first, second or third kinds at the x = 0 boundary. No-
tice that the repetition of 1/, s.» and similar terms in these
equations; these terms are proportional to 1 /B X;f,i, for
i=0, 1, 2 and 3. The last term for each of Eqgs. (14a)-
(14d) is a decaying exponential. The second to last term
contributes a steady-state component while the other terms
contribute to the temperature increase as a power of time.

The primary objective is to replace each summation in
Eq. (13) and implied by Egs. (14a)—(14d) with an algebraic
form. The first summation implied in Eqs. (14a)—(14d) can
be written (with the -dependence omitted) as

Sg([J Z AX[J mXXIJ m ( )

m=1

(15a)

where the coefficient Ay, is determined by comparison of
Egs. (13) and (15a). For example, for the boundary condi-
tion of the second kind at x =0, Xxz;,,(x) = cos(Bx2s.mX)
(see Table 1, sixth row) and thus Ay,;,, is given by (with
a division by 2 added for convenience, since many norms
are equal to 1/2)

XXZJAm (0)

cos(0) 1
2NX2J,mﬂ)2(2]1m

= 2 2
2NX2J,mﬁX2]7m ZNXZJ,mﬁXZI‘m

(15b)

AXQJ,m =

For boundary conditions of the Ist kind at x =0, Xx1,,,
(x) = sin(fx1x) and Axy,,, is defined by

Wayml)/de],, 1
2NX]J_,mﬁ)2(u’m 2Nx17mBx1sm

For boundary conditions of the third kind at both bound-
aries, X33 ,(x) = Bijsin(Bx33x) + Bx33c08(fx33x) and A4, is

AX]Jm = (15C)

defined by
_ BiiXx33,,(0) Bi;
Ax3zm = > =
2Nys3mByssm  ZNx33mBxssm
Bil /ﬁX33,m

=2 . . 2 . ; (15d)
(Byszm + Bi)[1 + Biz/ (Byss,, + Biz)| + Biy

A more general form of the summation than in Eq. (15a) is
given by

A X1y m )
X[J XUm ™5 )

XlJm

i=0,1,20r3 (15e)
The boundary conditions can be of the first, second or
third kinds at either boundary (that is, / and J=1, 2 or
3), but the solutions are restricted herein to non-homoge-
neous conditions only at x = 0.

Using the S functions just defined and Egs. (14a)—(14d)
in Eq. (13), the temperatures for I, J =1, 2 and 3 for the ¢"
boundary conditions (for n =0, 1, 2, and 3) are given by

A an m
T§(1L(x 1) = AX]JI+2SXIJ ZZC ﬁxumtw

m=1 ﬁxu m
(16a)
T(l)(x» 1) = AXIJ B + 2tSX1J( ) — zsg(ll)J(x)
+ 2 Z C_'BXU n AXIJ mXXIJ m( ) (16b)
m=1 ﬁXIJ m
T (x,1) = Agy = 3 + 228\ (x) — 4sS\) (x) + 488 (x)  (16¢)
_ 426 ﬂXU ;AXIJmXXIJm( )
m=1 ﬁXIJm
A
TO(x,1) = Ay 5 + 2083, (x) = 6£S) (x) + 12183 (x)
(16d)
— 1289 o (x) + 12 Z e Pt A—XU X1y n(X)
:BXIJ m

Notice that the S functions in a given equation are repeated
in the next equation and another S function is added. For
example, S\, (x) is present in each of these equations and
SXI)J(x) is present in Egs. (16b)—-(16d). Unique S functions
are found for each set of IJ values.

Another observation is that the derivative with respect
to time of the temperature is related to the temperature by

or™
ot

which leads to the solution

TV (x,1) :n/T§§,;1>(x,t)dt+(—1)"—‘,1155;}}, n=12,...
(17b)

These last two equations give a relation between the tem-
peratures for successive powers, and apply for the nine
cases in X1J, I, J=1, 2 or 3 and the four n values, for a to-
tal of 36 solutions. Eq. (17b) suggests a recursion relation
between the successive solutions.

For large times and excluding the X22 case, Eq. (16a)
becomes

(x,1) = nT" ' (x,1)

(17a)

0 0 0
Tg(l.)/(xv t) = T§(1>J(x) = ZS)((J)J(X)

t large

(18a)
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Eigenfunctions, eigenvalues and the A4 y;;, function for 7 and J=1, 2 and 3

I J=1 J=2 J=3
V| Beism Briiw =M 1 eigencondition :
X1, x11, B =[m—5}'r .
Byism €Ot By, =—Bi,
! X1 (X) Xynm(x)= Sin(ﬂxn,mx) X y12,,(x) =sin (ﬁxm,mx) Xyp3 (%)= Sin(ﬁxn,mx)
1 AXU,m A e 1 A A 1 1 ﬁf,nm+3i22
X11,m _ﬂ X12,m _,B 3 = = -
X11m X12,m Brism Priam + Biy + Bi,
2| Boos™ 1 Prirrm =MT eigencondition :
X2, Broim =(m——]7r X2, s
2 Byrsmtan By, = Bi,
2 Xx2gm(%) X oy m(x)= cos(ﬁle,mx) Xypna(*)= Cos(ﬂxzz.mx) Xyym(X)= cos(ﬁxzz,mx)
? Axasm Ayym = % %s m=12,. 1 ‘Bin”” = Bi.j
Bxoim Broom ﬁf{z&m ﬂi’za,m + Big + Bi,
3 Besrm eigencondition : eigencondition : eigencondition:
Bysim €Ot Bysim = —Biy Py tan By, , = Bi tan (ﬂxss,m) =
Byss.m(Biy + Biy)
ﬂj’33,m 7Bilez
3| Xxasm(¥) Sin(ﬂX}l,m(l_x)) COS(ﬂX32,m (l—x)) Bi, sin(fy;,,%)
+ﬁX33‘m COS(ﬁX:ﬁ,m x)
3 Ayssm Bi sin(fy,,,) Bi, cos(fys;.) See Eq. (15d).
Bi Bi
2 2
+—1— l+4——1
ﬁ”'-"’( ﬂ;ﬂ,m +BII2 J ﬂX32'"’ { ﬁ;’32,m +BEI2 ]

*The X22 case has the special eigenvalue of zero which is treated by the A,

term in Eq. (16).

The index mis form=1,2, ....

This equation shows that Sg?), (x) is one-half of the steady-
state solution. As a consequence, S§§’,} (x) is a solution of the
steady-state heat conduction equation in a plate,

d’sy) (x)

=0, (1=0) (18b)

with appropriate boundary conditions. A general solution
of Eq. (18b) (i.e., for n =10) is
Sy (x) = Chyx + Ciggo, - (n=0) (18¢)
with the constants found using the given boundary condi-
tions for the temperature problem.

For the linear-in-time variation, (i.e., n =1 in Eq. (6d)),
the temperature for all X1J cases (except X22) and for large
times is obtained from Eq. (16b) as

Tiy(x,0)| = 2uSigy(x) — 28y (x) (19a)

tlarge

Now Eq. (19a) must satisfy the transient heat conduction
equation, Eq. (6d), to yield

d°S})

/R
dx?

25

—28%) (19b)
Using Eq. (18b) causes the time-dependent term which is
the first one in Eq. (19b) to disappear. (This type of simpli-

fication also occurs as n is increased to 2 and 3.) Then Eq.
(19b) becomes

_ dazsi), — 59 )
dx2 XIJ

(19¢)

which can be integrated twice to obtain
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s == [ [ Shw)arar + e+
(20a)

Fortuitously this equation can be extended to obtain the
recursion relation,

Sﬁ},(x) = // 0 /// 0 Sg;;l)(x,/)dx// dx' + ngj.lx + C;;JZ?
i=1,20r3 (20b)

which is valid for the eight cases: / and J =1, 2 or 3 except
I=J=2. Before finding the two constants in Eq. (20b),
boundary conditions must be selected. To shorten the nota-
tion, let an I before the S denote an integration with respect
to the spatial coordinate so that

nsi' 0= [ [ silwara (200)
which allows Eq. (20b) to be written as

i i—1 i i
Sg{I)J (x) = —HS&,J )(x) + Cg(}],lx + C§(1>J,2 (20d)

The constants in Eq. (20d) can be considered in two
groups. The first group includes the X11, X12, X21 and
X22 cases, which are discussed in Sections 4.1 and 4.2.
For this group (including the anomalous case of X22),
the summations are known (see Appendix A) and thus
are not derived in this paper. The other five cases of X13,
X23, X31, X32 and X33 do not have known algebraic forms
for the S functions. However, the S recursion relations can
be found for all of these cases at once (with the possible
exception of the X23 case) by solving the X33 case, which
is the most general. For this reason, the most complete der-
ivation is for the X33 case, which is given in Section 4.3.

4. Algebraic solutions for the summations and temperatures
4.1. Temperature specified at x =0, X1JB3n0T0, J =1 or 2

Detailed solutions for the temperature varying as ¢* at
x =0 surface are now discussed. The cases are denoted
X11B3n070 and X12B3n070 where n can be either 0, 1, 2
or 3. The notation for a linear variation in time at x =0
is given in [2, p. 28] as X1JB2070. In this paper, let us
use X1JB3n070 (n=1) for the linear variation case,
X1JB3n0T0 (n=2) for the quadratic variation, and
X1JB3n070 (n = 3) for the cubic variation.

Consider now the J =1 case, which is for zero tempera-
ture at x = 1. Then the S summations defined by Eq. (15¢)
can be written asf

(o] o0 M
i Xyt m(x) 1 sin(fy,x)
Sg()ll - AX]I m 2i’ 27 -
; X11,m m=1 ﬁXll-m ﬁxu,m
= sin(mmnx)
= Z 21 (21)
m=1 mTC)

where the eigenfunctions, etc. are listed in Table 1, third
column and second through fourth rows. For i=0, 1, 2,
3, ..., this series is known and can be expressed in an alge-
braic form in terms of Bernoulli polynomials; see Eq. (A.2)
in Appendix A. Explicit results for i =0, 1, 2 and 3 for Eq.
(21) are given in Table 2, column 2. For example, the tem-
perature for the X11B3n070 (n = 1) case using Eq. (16b)
and Table 2 is

>\ o2, sin(mmx
70 (o) = 2680 () — 280, (1) + 23 o SL07TE)
m=1 (mm)
x X, 2, sin(mnx)
=t1-x 7*2*3x+x2 +2 e(mn)ti
(-9 -%( )23 e
(22)

The X12 case can be similarly treated because another iden-
tity is available. In this case, analogous to Eq. (21), the
summation is

Xx12m(x)
X12 - AXIZm 2

X12m
—ZM’ i=0,1,2,... (23)
= (m—1/2)n)

which is related to the Euler polynomials in Eq. (A.4); the
algebraic forms are given in Table 2, column 3. For linear
variation with respect to ¢ in the surface temperature, (case
X12B3n070 (n = 1)), the temperature analogous to Eq. (22)
is

S o (e SI((m — 1/2)mx)

—r—T0_¥+2
e V)

(24)

and the n =2 and n = 3 solutions can be similarly written
using Egs. (16¢,d) and Table 2.

For the convective boundary condition at x = 1, series
analogous to the Bernoulli and Euler polynomials are not
available, but the X13 results can be obtained from the gen-
eral case of X33. See Section 4.3.

1
Tg(l)Z(xv t)

4.2. Heat flux specified at x =0, X2JB3n0T0, J=1 or 2

For the X2JB3n070 series of cases, as the previous sub-
section, the S functions can be expressed in terms of Ber-
noulli and Euler polynomials for /=1 or 2. The values
are given in columns 4 and 5 of Table 2. The results for
the X22B3n0T0 series are different because Ay, =1.
Dimensionless temperatures for the X22B3n070 (n =0, 1
or 2) cases are

TOx,t) =1+

2 —6x+3x2 z“’: ~ (s COS(mMX) (25)

6 (mm)*
ﬁ+t2 6x +3x (8 — 60x” +60x° — 15x%)
2 6 360

n 22 21 €OS m)nx)

m=1

TW(x,t) =

(25b)
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Algebraic forms for 8%, (x) summations for 7 and J =1 and 2

X11 case X12 case X21 case X22 case
S )| S§h(x) = S (x) = SO (x)= S (x) =
- Sin(ﬂ){”)mx) =, sin (ﬂ){'ll,rnx) - cos(ﬂ“hmx) - cos(ﬁxzz‘mx)
m=1 X1lm m=1 X12,m m=1 X2lm m=1 X22,m
IBXll,m =mr ﬁxu‘m =(m-1/2)x ﬂXZ],m =(m-1/2)x ﬁXZZ‘m =mr
i=0 1 1 1 SO (x)=
Sh@=70-2 | SH=7 SO =50-x) | H=)
2—6x+3x*
12
=L S = S}‘L(x)=@ SH ()= 8- 60x° +
Z(2-3x+%) 2-37+x 60x’ —15x"
12 12 720
i=2 | $A = SEn(x) = 16—20x2 32— 168x>
8—20x% + x(8—4x” +x°) +5x* —%° +210x* -
- = s e Aoy Tk
15x° - 3x* 48 240 126x° +21x°
720 30240
L 32-56x" +42x* 96 —40x" 272-336x" + 128 - 640x% +
X
—21x° +3x° +6x* —x° 70x* —7x% +x7 560x* —280x°
30240 1440 10080 +120x7 —15x°
1209600

Power variations are for # (n =0, 1, 2 and 3) for the temperature or heat flux at x =0.

3 2 2 _ 2 3 1544
T(Z)(x,t):t—+12 6x +3x" 8 — 60x” + 60x 5x

3 6 180
— 168x% +210x* — 126x° + 21x°
7560

()t €08 mnx)

) (25c¢)

43

The X23B3n070 (n =1, 2 or 3) series of cases is discussed
in the next subsection.

4.3. Ambient temperature specified at x = 0, X33Bn0T0
cases

In this subsection, the general case of the X33B3n070 is
derived and is the basis for also treating the X13B3n070,
X23B3n070, X31B3rn070 and X32B3n070 cases. Using

Eqgs. (15d) and (15e) and the Xy33,,(x) function given in
Table 1, the S)m( ) summation is

5t (x) = Bi = B33 m €O8(Byaz X) + Biy sin(Bys3 %)
xnlx) = E
(Basn + B )L+ Biof (Bss, + Bi3)] + Bi
1

2i+1
X33.m

(26a)

Eq. (26a) can be used for the X1J and X3J,J=1, 2 or 3
cases since the permissible range of Bij is 0 < Bi; < oo.
Note that this excludes the case of Bi; =0 (i.e., the X2J
cases) but the case of X23 can be accommodated as

o0

X23 :E

=1 ﬁxzzm[l Jr312/(/’))(23m +B’z)]

The derivation for the X33 case starts with Eq. (20d) and
the two boundary conditions which are given in Egs. (8b)
and (9b) and repeated here as,

cos( By, m* x) 1
2it1
X23,m

(26b)
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T(”)
. aa}(33 (07 l) _ Bil(tn _ Tg?;g(07t))7 n=20,1,20r3 (273)
Tox k
T(”)
_aaxsa (1,1) :Bi2T¥23(1,1), n=20,1,20r3 (27b)
- k

For a constant ambient temperature condition, n =0 in
Eq. (27a) and then /" = 1.Then the steady state tempera-
ture solution for these boundary conditions (X33B10) is

0 - Bll[1+Blz(1—x)]
o) = [Biy + Bir(1 + Bi))] @)

Then the S function for i =0 (1/2 of Eq. (28) as indicated
below Eq. (17a)) is

Bii[l + Bi(1 — x)]
2(Biy + Biy(1 + Bi})]

Sy (x) = (29)

This equation is valid for all values of the Biot numbers ex-

cept Bi; = 0. It can be used for Bi, = 0 for which the value
of 1/2 is obtained. Hence,

0
ng)z(x) =

0
S (x) =

(30a)

N — N =

(30b)

(Notice the X22 case is not included.) Eq. (29) can also be
used for Bi; — oo to obtain

1 —x
S == Gla)
1+ Bi)(1 —x)
© (1 _ 2 31
SX13(‘x) 2(1 +Blz) ( b)
Finally, the condition of Bi, — oo yields
Bii(1 —x)
(0) _ 2
SX31(x) - 2(1 +Bl]) (32)

This covers six of the 9 cases. The three remaining cases are
X21, X22 and X23. The first two of these cases are covered
in Table 2, columns 4 and 5, third row. The X23 result is
0 1 + Blz(l — x)

Sin) =55 — (33)
Recursive relations for the S-functions are now derived.
Start with Eq. (16a) (which is for n = 0) for the temperature
for large #’s and drop the Ay33 =0 term to get

Tyh(x,0)| =28y, (34)

tlarge

Introducing this equation in Eqgs. (27a,b) for n =0 gives

dsihs . (0)
2555 (0) = iy (1 - 250, (0)) (35a)
dS(O)
=272 (1) = Bi2Sis (1) (35b)
Now use Eq. (16b) (which is for n = 1) for large ¢ to get
Tin(e,n)| = 2Sy(x) — 28y (x) (36)

tlarge

Introduce Eq. (36) into Eq. (27a) with n =1 to find

dsh dsils : (0) 0

dx
(37a)

Re-arrange this equation so that the function of ¢ is on the
right side,

1
dsiys,

2
dx

ds(())
(0) — 2Bi1S}3;(0) = r(Bz'l(l — 28(15(0)) + zﬂ«n)

Using Eqgs. (35b) and (35b) shows that the right side of this
equation is equal to zero. Consequently Eq. (37b) can be

written as
dS(l)
~ 12 (0) = BirSiy (0) (38)

Repeat the same procedure by introducing Eq. (36) into
Eq. (27b) with n =1 to find
dS(O) dS(l)
20358 (1) + 2555 (1) = By (248 (1) - 284, (1))
(39b)
dS<1) dS(O)
— 1R (1) + BisSyys(1) = 1| =222 (1) + BiaSi (1) | (39%)

Again the right side is seen to be zero when it is compared
with Eq. (35b). Hence

dsyy,
dx

(1) = —BirSyis(1) (40)

At this point the two boundary conditions are used, result-
ing in Egs. (38) and (40). Use the general equation for S,
Eq. (20d), for i =1 and X1J = X33 to obtain

1 0 1 1
S§(3)3 (x) = _HS§(3>3 (x) + C§(3>3A1x + C§(3)3,2 (41)
This equation is introduced into Eq. (38) to find

drsy, () : 0 (1)
T Tde (0) + Cys3y = Bir(—1ISy3;(0) + Cys3,) (42a)
The terms related to /1S need to be carefully examined. Re-
call the definition given by Eq. (20c) which when written

for this case becomes

sy (x) = / / 0 SO, (") dx" dx’ (42b)
¥=0 Jy'=

When the upper limit of the outer integration is set equal to

zero, this double integral is zero,

1s,(0) =0 (42c)

which is valid for i = 1 and for i equal to all positive inte-
gers. Taking the first derivative with respect to x of Eq.
(42b) and using Liebnitz’ rule for differentiation of an inte-
gral yields
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dI[S§(133 //
dx// dxl
I

= /H_ X33( ”)dx” ISX33( ) (42d)

which is also equal to zero at x = 0. Hence, Eq. (42a) be-
comes simply

1 . (1
C§(3>3,1 = B’1C§(3)3,2 (42e)

Now consider the boundary condition at x =1 by intro-
ducing Eq. (41) into Eq. (40),

0 1 . 0 1 1
_155(3)3(” + C§(3)3,1 = _BIZ(_HS}3)3(1) + Cg(gll + C§(3)3,2)
(43)

Two algebraic equations, Egs. (42¢) and (43), are available
for the two unknowns, C&% yand C X§3 - Itis also true that
Egs. (42¢) and (43) apply for i =2 and 3. Using the solu-
tion for the two unknowns and then introducing them back
into Eq. (41), (generalized for i =1, 2 or 3) gives for the

i i—1
SV (x) = —11S\5) (x)
Bilx + 1
Bi, + Bi, + Bi|Bi,

1) (1) + Biat1s ) (1)]

(44)
This recursion relation is general and can be used to obtain
all the cases for X1J, for I=1,2or3and J=1, 2 or 3, ex-
cept for I=J=2. (However, the previously considered
X11, X12, X21 and X22 cases are tabulated in Table 2.)
For the boundary condition of the first kind, the Biot num-
ber is made to approach infinity; specifically, for =1,
Bi; — oo and for J = 1,Bi, - co. For the boundary condi-
tion of the second kind, the Biot number is set equal to zero.
More explicitly the recursion relation for the S series for
X13B3n070 (n=1, 2, 3) is obtained by letting Bi; — oo,

i i—1 . i—1
S0 ) = 1835 () + gy (1850 (1) + Biotist (1))
(45)
Detailed results are given in Table 3, second column. For

the X23B3n0T0 series of S’s, the recursion relation for
Bi; — 0 is (see Table 3, third column)

X33B3n070 (n=1, 2 or 3) series of S’s the recursion Sg;)23 (x) = —HS;;I) (x) + HS;;;)(I) + L.IS;;;) (1) (46)
relation, ; Bi,
Table 3 _ _
Algebraic forms for the S{),(x) and SU;(x) summations
J Sj('{a(x) = Sihs(x) =
i (B + BiZ)sin[ 3, x)] 2, (B%+Bi})cos(B,x)
= B (B + Bi +Biy) ; B8 4 Bi® + Bi,)
0 1+ Bi,(1-x) , 1+ Bi,(1-x)
SO - 2 sO = 2
xn (%) 2(1+ Biy) x() 2Bi,
1 {6—3x+Bi2(6—6x+x2)} [6+3Bi,(2-x*)+
X
Si}:ﬂx): +Bi§(2—3x+x1) _Bi22(2_3x2+x3)
12(1+ Bi,) 12Bi;
2 15(8—4x% +x°) 120+ Bi,(160— 60x*) +

—3Bi,(~40+40x* —15x* + x*)

5Bi(16-12x" +x*)+

! +Bi2 (48 —80x +45x° —6x") Biy (16— 20x" +5x° — %)
+Bi3(8—205 +15x° ~3x%) ) 24087
720(1+ Bi, )’
3 21(96—40x> +6x* —x°) 5040 +840Bi,(10-3x7) |

+3Bi, (784 —560x% +126x" —28x" +x°)
x{+3Bi} (384 -392x +140x* —42x° +3x°)
+Bi; (288 -392x" +210x" —84x° +9x%)
+Biy (32567 +42x" —21x” +3x°)

30240(1+ Bi, )

+42Bi%(136 —80x + 5x*)

L[ 272-240x°
+7Bi,
+30x% —x°

4 272- 336x°
+Bi, i g
+70x" =7x" +x

100808

Power variations are ', (n =0, 1, 2 and 3) for the surface temperature or heat flux at x = 0 with a homogeneous boundary condition of the third kind at

x=1.
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The recursion relation for the X31B3n070 series of S’s is
(Biy — 00)

Bilx + l
Biy +1
For the X32B3n070 series of S’s, the recursion relation is
(Bi = 0)

S\ () = 11855 (x) + 1845 (1) (47)

Bi1x+ 1

i—1
Bi] IS§(32)(1)

S (x) = —IIS\5, (x) + (48)
The expression for S?B (x) given by Eq. (46) is developed
starting from Eq. (33). Likewise, Eq. (45) for S;)B(x) is
developed from (31b) as are U, (x) and S|4, (x) starting
with Egs. (32) and (30b), respectively.

5. Numerical values, graphical results and insights

Numerical values are displayed in Table 4 for the case of
a cubic variation of the surface heat flux. Results are given
for the X21B3n070, X23B3n070 (with Bi,=1) and
X22B3n07T0 cases, each with n = 3. Sufficient numbers of
terms are used in the time-dependent, infinite series to
obtain eight decimal place accuracy; the largest number of
terms is for the smallest time considered which is ¢ = 0.05.
This small dimensionless time is chosen for several reasons.
Significant penetration of the temperature does not reach
the x =1 side at this time and because the only difference
between these cases is the boundary condition at the
x =1, the numerical values of these temperatures should
be the same, as they are. Another important reason is that
a temperatures of zero at x = 0.75 is useful in demonstrat-
ing intrinsic verification [8]. Consider Eq. (25¢) which is
for the X22B3n070 (n=2) case. For ¢<0.05 and at
x = 0.75 and larger, the temperature is zero (to eight deci-
mal places), but none of the terms in Eq. (25c) is zero.
Hence, there must be precise canceling of terms, which is
an indication of intrinsic verification [8]. In general, close
subtraction of two large numbers is inadvisable, but for
exact solutions it may help to amplify (and thus reveal)
errors in the equations or the programming of them.

For small dimensionless times, indicated by incomplete
temperature penetration, the solution reduces to that given

2563

for a semi-infinite body. For example, the surface temper-
ature for a heat flux varying as > obtained from Eq. (1b) is

32
357

which gives the values of 0.00001442 and 0.00402993 for
t = 0.05 and 0.25, respectively. The first number is exactly
the same as in Table 4; the second number differs only in
the last two digits for the X23B31n070 (n = 3) case. Consis-
tency with results for a semi-infinite body for small dimen-
sionless time is another indication of intrinsic verification [8].

Table 4 also shows that the X21B3n070 (n = 3) and
X22B3n070 (n=3) cases span the extremes for the
X23B3n070 (n = 3) for Biot numbers from zero to infinity.
The curves for this case would be between the X21B3r070
(n=13) and X22B3n07T0 (n = 3) cases, which are shown in
Fig. 1, but the X23B3n070 (n=3) curve is not shown
because it is obscured by the forgoing curves. Cases for
n =20 and 1 are also shown in Fig. 1.

The S terms in Table 3 for the X13 case includes coeffi-
cients for the Bi, = 0 and Bi, = oo cases. For the first of

T'90(0,0) = {72 (49)

10* T

-
(=}
™

Dimensionless Temperature
S
>

-
S
®

10" .
10 10° 10’
Dimensionless Time

Fig. 1. Dimensionless temperatures for the X21B3rn070 (n =0, 1,3) cases
(which are labeled T'x21,0,Tx21,1 and Ty 3, respectively.) Also shown are
the X22B3n070 (n =0, 1,3) cases, labeled Tx20, Tx22.1 and Ty 3.

Table 4

Numerical values for cubic (rn = 3) variations, X21B3rn070, X23B3n070 (with B, = 1) and X22B3n070 cases

Case t # terms 7(0,t) 7(0.25,1) 7(0.5,1) 7(0.75,1) T(1,t)

X21 0.05 4 0.00001442 0.00000139 0.00000009 0.00000000 0.00000000
X23 0.05 4 0.00001442 0.00000139 0.00000009 0.00000000 0.00000000
X22 0.05 4 0.00001442 0.00000139 0.00000009 0.00000000 0.00000000
X21 0.25 2 0.00402961 0.00147840 0.00050370 0.00014860 0.00000000
X23 0.25 2 0.00403016 0.00147975 0.00050930 0.00017068 0.00008019
X22 0.25 2 0.00403024 0.00147997 0.00051025 0.00017466 0.00009550
X21 1.00 1 0.50364687 0.30059855 0.16708016 0.07420347 0.00000000
X23 1.00 1 0.52128516 0.32153035 0.19883803 0.12734487 0.09077119
X22 1.00 1 0.52809530 0.32975886 0.21179188 0.14985757 0.13062493
X21 2.00 1 5.27851892 3.52362358 2.15087451 1.01776124 0.00000000
X23 2.00 1 5.98720896 4.28686694 3.08400770 2.25526434 1.70978408
X22 2.00 1 6.42412698 4.76242996 3.68087050 3.07271431 2.87665675
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these, the case becomes X12 and the equations collapse to
those given in Table 2, third column and the other case
becomes X11 given in the second column of Table 2.

It is instructive to examine plots of the S functions
because they determine the variation with x of temperature
as t becomes large. Furthermore, insight can be gained by

examining them. See Fig. 2 for scaled values for Sﬁm( ) and
ng( ) fori=0, 1, 2 and 3. Scaling allows the values to be
conveniently dlsplayed in the same plot and provides
insight for a larger set of problems. The physical values
of S are found by multiplying S by the scaling coefficients
given in the heading of Fig. 2. The i = 0 curves are notice-
ably different in shape from the i = 1, 2 and 3 curves, with
the latter two being very nearly the same; see, for example,
the scaled SU),(x) curves. For i=0, the scaled SV, (x),
shown by dots, decreases linearly from one to zero while
the other S-curves approach what seems to be part of a sine
curve. In fact, the scaled Sg;)“ (x) curves approach sin(zx) as
i increases.

Fig. 3 shows the scaled S¥.(x) and S, (x) curves.
Notice that the scaled S\, (x), denoted by dots, has a con-
stant value of unity. The previously observed behavior of
approaching common results is seen for increasing i. This
hints that the S-series can be approximated by just a few
terms when 7 increases to 2 or 3.

The algebraic forms tend to become unwieldy as i
increases, particularly for boundary conditions of the third
kind, as indicated in Table 3 for i =2 and 3. However, at
the same time, the required number of terms in the quasi-
steady summations is reduced. An alternate way to evalu-
ate the temperature solution for the X23B3n070 (n = 3)
problem is to use algebraic identities for i =0 and 1 and
the series representation for i =2 and 3, as in

1 © —b
0.8
0.6
0.4

0.2

o¢

-0.2

(i (i)
Scaled SX11 and SX22

0.4

-0.6

-0.8

A . . .
0 0.1 02 03 04 05 06 07 08 09 1

Fig. 2. Scaled values for S}, (x) and S{%,(x) for i =0 (denoted by a ®),
i=1 (denoted by a +), i=2 (denoted by a continuous line) and i =3
(denoted by an O). The scaling factors for Sﬂ;)” (x) fori=0,1,2 and 3 are
0.5, 0.0320, 0.00326 and 0.000331, respectively. The scaling factors for

S, (x) for i=0, 1, 2 and 3 are 0.1667, 0.0111, 0.001058 and 0.0001058,
respectively.
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0.8 . + 4
. +
_~o7f . + -
=X
2 Y
T 0.6 | + R
mc\n s{) + ’ s@
o L X12 . |
(D + s(@
3B 04f . x21 i
© +
o g2
o 03 X12 . R
Y . 5@
X21
0.2 + . i
(3) .
01} Sxiz 4
0 . . . . . . . . .
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Fig. 3. Scaled values for S, (x) and S\, (x) for i =0 (denoted by a ®),
i=1 (denoted by a +), i=2 (denoted by a continuous line) and i =3
(denoted by a O). The scaling factors for Sy, (x) fori=0, 1, 2 and 3 are
0.5, 0.25, 0.1042 and 0.0424, respectively. The scaling factors for Sy {xX)
for i=0, 1, 2 and 3 are 0.5, 0.1667, 0.0667 and 0.0270, respectively.

T'95(x, 1) = 2083, (x) — 628); (x)

n 122 { ﬁxzsm JFB’z) cos (ﬁxza m )}

ﬁxzs m(ﬁXZS mt Blz + Biy)

(50)

1 2
% [t o (1— e_leZS;mt)
X23.m

where S\, (x) and S\, (x) are given in Table 3, column 3.
The fifth column, fifth second row of Table 1 lists x23 -
The number of terms in the summation, M, need not be
large in Eq. (50). For example, for Bi; =1 and ¢ =0.25,
the temperature at x =0 is 0.0028, 0.00399, 0.004025,
0.004029 and 0.00403015, for M =1, 2, 3, 4 and 10, respec-
tively A more accurate value using the algebraic values of
S\ .(x) for i =0 to 3 is given in Table 2 as 0.00403016, for
which only two terms were needed in its summation. How-
ever, the summation given by Eq. (50) may be easier to use,
particularly if only 1% accuracy is needed since only two
terms are then needed. For larger values of ¢, even fewer
terms are needed. For x =0, t =2 and Bi, = 1, the com-
puted temperatures are 5.97, 5.987, 5.98717, 5.987201 and
5.98720889 for M =1, 2, 3, 4 and 10, respectively. The last
two digits are 96 in Table 4 instead of 89 in the last number
just given. Only one term is needed in the series in Eq. (50)
to obtain accuracies of better than 0.3% for x = 0 and ¢ val-
ues equal to or greater than 2. As a consequence of the ra-
pid convergence of Eq. (50), rarely would more than 10
terms be needed in the summation.

6. Summary and conclusions

Solutions are given for the temperature response in finite
plates subject to time varying boundary conditions propor-
tional to #* for n =0, 1, 2, and 3 at the x = 0 surface. The
boundary condition at x = 1 is homogeneous although this
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can be changed by a simple coordinate transformation.
Nine combinations of boundary conditions, either first,
second and third kind at each surface, are examined. A sys-
tematic protocol is given for developing algebraic forms to
replace infinite series, thereby speeding computation of the
temperature profile. The protocol yields steady-state terms,
terms increasing as a power of time and exponentially
decaying terms. For the constant surface conditions
(n=0), and even for the linear-in-time conditions (n = 1),
series summations may converge slowly, particularly when
the surface heat flux is needed. In contrast, the algebraic
forms developed here for n =0 and 1 contain only a few,
easily evaluated terms. The larger powers, such as n =2
and 3, introduce rapidly converging summations for
S%) (x) and S (x). Consequently, using algebraic forms

for Sg?),(x) and S\, (x) and summation forms for S\, (x)

and SSI)J (x) is an efficient method of numerical evaluation
for T(x,t). See Eq. (50).

Others have sought to speed convergence, such as by
Euler’s method [2]. Texts of general methods to speed con-
vergence may be consulted as well (e.g, Knopp [20] and Jol-
ley [21]). The method developed here, however, seeks to
replace infinite summations with equivalent algebraic
expressions.

The solutions have intrinsic value because they have
potential for unsteady boundary conditions approximated
using splines. The solutions contain the possibility of
intrinsic verification. The method given herein is suffi-
ciently general that it can be extended to other 1D geome-
tries in heat conduction, such as to radial and spherical
coordinates.
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Appendix A. Series relations for S\, (x), 7 and J =1 and 2

The relations listed below are re-arrangements of Eqs.
(19:6:6), (19:6:7), (20:6:5) and (20:6:6) in Spanier and Old-
ham [18]. See also Eqs. (23.1.17) and (23.1.18) in Abramo-
witz and Stegun [19].
cos (mmx)  (—1)2%"
(mn)? D 23+ 1))!

i=0,1,2,...,0<x<2
>

Biii1)(x/2) (A1)

sm( ) i+1 2%
)21+1 = (=1 mBzm(Xﬂ) (A.2)

i=0:0<x<2; i>0:0<x<K2

>~ cos((m—1/2)mx) i 2%
)" ——Fy 2
S=2 e~ e )
i=0,1,2,3,... 0<x<2 (A.3)

o~ sin((m —1/2)nx) ,-E i
;—m_l = Y /)

i=0:0<x<2; i>0:0<x<2 (A4)

The B{x/2) symbols are the Bernoulli polynomials, the first
three of which are 1, x/2 — 1/2, and (x/2)* — x/2 + 1/6. The
E{(x/2) symbols are called Euler polynomials, the first three
of which are 1, x/2 — 1/2, and (x/2)* — x/2.
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